In answer to a question of J. Kovacic, we show that for any Keigher ring its differential spectrum coincides with differential spectrum of global sections of structure sheaf.
Introduction
The notion of structure sheaf O on differential spectrum X of differential ring A appeared in [2] and [3] . First disagreeable effects met is that global sections of structure sheaf does not necessarily coincide with initial ring. The question immediately arisen is: whether differential spectrum of global sections O(X) coincides with differential spectrum of initial ring A. Kovacic found conditions guaranteing that the desired equality holds [2, prop. 10 .5]. However, the most interesting case is the case of Ritt algebras, because Ritt algebras appear in differential algebraic geometry. Example [3, ex. 7 .4] shows that proposition [2, 10.5 ] cannot be applied to all Ritt algebras. We give the answer for more wide class of differential rings -the class of Keigher rings.
The idea of the proof is following. We change structure sheaf to other one which is not so hard for investigation. After this changing we do not lose the information about differential spectrum. Using simple topological technic, we show that differential spectrum of global sections of new sheaf coincides with that of initial ring. In our method the condition that the ring is a Keigher ring is essentially used.
In the first section we recall some basic definitions. All terms are taken from [2] and [3] . In the next section we construct auxiliary sheaf and investigate its properties. Topological technic is presented in lemma 1 and the main result of the section is statement 6. In the last section we prove main result -theorem 8. Corollary 9 gives the answer in the case of Ritt algebras.
Terms and notation
Throughout the text the word ring means an associative commutative ring with an identity. All homomorphisms preserve the identity element. A differential ring is a ring with finitely many pairwise commuting derivations. A ring is a Keigher ring if for any differential ideal a its radical r(a) = { x | x n ∈ a } is a differential ideal too. For any differential ring A the set of all prime differential ideals is denoted by Spec ∆ A and is called a differential spectrum. For any subset E ⊆ A the set of all prime differential ideal containing E is denoted by V (E). Defining V (E) as closed subsets, we provide differential spectrum with topology.
Denote differential spectrum of A by X and let s be an element of A. Then the set of all prime differential ideals not containing s is denoted by X s . For the set S = {s n } ∞ n=0 the localization S −1 A is denoted by A s . If p is a prime ideal then by A p we denote the ring S −1 A, where S = A \ p. For any differential homomorphism f : A → B we define the corresponding mapping
. We shall need the notion of structure sheaf on differential spectrum. We shall briefly recall its definition. Consider the set of all functions
Function f will be called a regular at the point p if there exist an open neighborhood U of p and elements a, b ∈ A, where for all q ∈ U we have b ∈ q, such that for all q ∈ U it follows that f (q) = a/b in A q . The set of all functions that regular at all points of open subset U will be denoted by O(U ). The family O(U ) with restriction homomorphisms form a sheaf of differential rings. We shall call this sheaf a structure sheaf.
The ring O(X) will be denoted by A. There is a mapping ι : A → A such that a → ϕ, where ϕ(p) = a/1 in A p It is easy to see that ι is a differential homomorphism.
All details about structure sheaf can be found in [2] . We assume that the reader is acquainted with this work.
Auxiliary sheaf
In this section we construct another sheaf for which the desired problem will be solved by straightforward calculation. The general proof based on the reduction of the initial problem to the problem solved in this section.
Let A be an arbitrary differential ring. For any prime differential ideal p its residue field will be denoted by K(p), i. e., the fraction field of A/p. Consider the set of all functions
The function will be called regular at the point p if there exist an open neighborhood U of p and elements a, b ∈ A, where for all q ∈ U we have b ∈ q, such that for all q ∈ U it follows that f (q) = a/b in K(q). The set of all functions that regular at all points of U will be denoted by O ′ (U ). The family of all such rings with restriction homomorphisms form a sheaf of differential rings on X.
Define a differential homomorphism ι ′ : A → O ′ (X) by the rule a → ϕ such that ϕ(p) = a in K(p). Our proof based on the following simple statement. Lemma 1. Let ϕ : X → Y be a mapping between topological spaces and let two covers U α and V α of X and Y respectively be given. Then if for any pair of indexes α and α ′ the mapping ϕ :
Proof. Let us take α = α ′ , then ϕ is a local homeomorphism. We need to prove that ϕ is injective. Let x ∈ U α and y ∈ U α ′ be such
is not empty and contains w such that ϕ(w) = z. But x and w both belong to U α and their images coincide, thus x = w. The same reasons show that y = w. Now we shall prove some auxiliary facts.
Lemma 2. Let A and B be differential rings, ν : A → B be a differential homomorphism, and B is differentially generated over A by one single element η such that there exists a family of elements b 1 , . . . , b n of A with conditions b k η ∈ ν(A) and {b 1 , . . . , b n } = A. Then the contraction mapping ν * : Spec ∆ B → V (ker ν) is a homeomorphism.
Proof. First of all, changing A onto A/ ker ν, we may suppose that ν is injective. Now we shall divide differential spectra to finitely many open subsets as follows
We need to check the condition of previous lemma for coverings X bi and Y bi . Proof is based on [1, ex. 21 (i,ii) p. 46]. We shall replace X bi by differential spectrum of A bi , Y bi by differential spectrum of B bi , and from the mentioned exercise it follows that restriction of ν * coincides with ν * bi (see [1, ex. 21 (ii) p. 47]).
In order to show the promised fact we shall calculate both localizations A bi and B bi . Let
Therefore localization of ν : A → B by b i induces the identity mapping
So, the desired homeomorphism between X bi and Y bi has been obtained. The last step of the proof is to show that ν * induces a homeomorphism between X bi ∩ X bj and Y bi ∩ Y bj . Having hoted that X bi ∩ X bj = X bibj and Y bi ∩ Y bj = Y bibj and applying previous arguments with b i b j instead of b i , we get the result.
Using induction we show the following.
Lemma 3. Let A and B be differential rings, ν : A → B be a differential homomorphism, and B be differentially finitely generated over A such that for any generator η there exists a family of elements b 1 , . . . , b n with conditions b k η ∈ ν(A) and {b 1 , . . . , b n } = A. Then ν * : Spec ∆ B → V (ker ν) is a homeomorphism.
Proof. Let B be generated over A by the elements η 1 , . . . , η n , and let B 1 be subring of B generated over A by elements η 1 , . . . , η n−1 . Then homomorphism ν can be presented as the following composition
From the previous lemma V (ker ν 2 ) is homeomorphic to Spec ∆ B. From inductive assumption Spec ∆ B 1 and V (ker ν 1 ) are homeomorphic, and thus their corresponding subspaces V (ker ν 2 ) and V (ker ν) are homeomorphic too. Consequently, V (ker ν) and Spec ∆ B are homeomorphic to each other.
Lemma 4. Let A α be direct system of differential A-algebras and ν α : A → A α be corresponding homomorphisms. Suppose that for any α the mapping ν * α is a homeomorphism. Then ν * is a homeomorphism, where ν : Proof. Indeed, let U 1 ∪ . . . ∪ U m = X be a covering of differential spectrum such that for any p ∈ U i we have η(p) = a i /b i in K(p). We shall change a i onto a i b i and b 2 i . Then for any p ∈ U i we have a i = 0 in K(p). Without loss of generality we may suppose that U i = X bi . Then, since all U i cover X it follows that {b 1 , . . . , b m } = A. Let us show that for every p the condition
Statement 6. Let D be a differential subring of O ′ (X) containing image of A, then we are able to consider the homomorphism ι ′ : A → D. In that case the following mapping is a homeomorphism.
Proof. From the previous lemma it follows that for any differentially finitely generated over A subalgebra in O ′ (X) the conditions of lemma 3 holds. From the definition of ι ′ if follows that ker ι ′ belongs to the intersection of all prime differential ideals of A. Consequently, for any differentially finitely generated algebra D the statement is proven. But any differential algebra can by presented as a direct limit of its differentially finitely generated subalgebras. Then from lemma 4 it follows that statement holds for any subalgebra D.
Main result
In this section we reduce the main result to statement 6 proven. We have two sheafs on topological space X, they are O and O ′ . Consider the homomorphism of sheafs ϕ(U ) : O(U ) → O ′ (U ) defined by the rule ϕ(f )(p) = f (p) mod p. From now we suppose that the given ring A is a Keigher ring. Proof. By the definition ker ϕ(X) coincides with
Let us show that nilradical lays in kernel. Let f be a nilpotent element, then for any p we have f n (p) = 0. So, f n (p) ∈ pA p . Consequently, f (p) ∈ pA p . Conversely, let f ∈ ker ϕ(X), then there exists a covering U 1 ∪ . . . ∪ U n = X such that for every i we have f (p) = a i /b i in A p , whenever p ∈ U i . Without loss of generality we may suppose that U i = X bi . Let us fix some i, then f (p) = a i /b i ∈ pA p for all p not containing b i . Then a i ∈ p for all p not containing b i . Therefore, a i belongs to the intersection of all prime ideals in A bi .
Since A is a Keigher ring (A bi too) a i belongs to nilradical of A bi . Hence, for some k i we have a And the composition coincides with ι ′ . From statement 6 it follows that Spec ∆ D ′ → Spec ∆ A is a homeomorphism. Remembering that Spec ∆ D is homeomorphic to Spec ∆ D ′ , we get the desired result.
Corollary 9. Let A be a Ritt algebra, and let ι : A → A be the canonical homomorphism. Then the mapping
is a homeomorphism.
